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1. Introduction
The modified Kadomtsev-Petviashvili (mKP) hierarchy is one of the most important research objects
in the mathematical physics and integrable systems introduced in the early 1980s [1, 2] and then
several versions [3–8], particularly the Kupershmidt-Kiso version [9, 10] are developed. A Miura
transformation will transfer it to the the KP systems like the relationship between KdV and mKdV
equation.
Additional symmetries are a kind of important symmetries depending explicitly on the space and
time variables [11]. Recently, much important work about the KP type systems has been obtained in
the additional symmetries, such as the B and C type KP systems [12].
Email addresses: lichuanzhong@nbu.edu.cn (C. Z. Li), chengjp@cumt.edu.cn (J. P. Cheng).
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As we know, the constrained KP hierarchy [13] is another kind of KP type integrable hierarchy
and the additional symmetry flows are not easily consistent with the reduction on the Lax operator
for the constrained KP hierarchy [14]. Therefore it is highly non-trivial to find a suitable additional
symmetry flows on eigenfunctions and adjoint eigenfunctions to make the constraint compatible with
its additional symmetry. Besides, other KP type and Toda type systems also have interesting struc-
ture of additional symmetries [15–17] such as Block algebra [18]. The Block type additional structure
was found in [15] as a kind of additional symmetry of the bigraded Toda hierarchy and later a series
of studies on integrable systems and Block algebras such as in [16,19–21] were done. After a quanti-
zation, the Block type Lie algebra becomes the so-called quantum torus Lie algebra [22–24]. Also a
supersymmetric Block algebra was also found in supersymmetric BKP systems in [25].
The multi-component KP hierarchy is an important matrix-formed generalization of the original KP
hierarchy and its additional symmetry was well-studied in [26]. Later with reduction, a quite natural
constrained multi-component KP hierarchy was studied by Y. Zhang in [27]. Recently the research
on random matrices and non-intersecting Brownian motions and the study of moment matrices with
regard to several weights showed that the determinants of such moment matrices these determinants
are tau-functions of the multi-component KP-hierarchy [28]. For multicomponent discrete integrable
systems, the multicomponent Toda hierarchy recently attracts a lot of valuable research such as
[29–31]. In [32], we considered the constrained multi-component KP hierarchy and identified its
algebraic structure. In [33], a q-deformed modified KP hierarchy and its additional symmetries are
constructed. Later in [34], the additional symmetries of the mKP hierarchy and the constrained mKP
hierarchy are constructed, and the corresponding actions on two tau functions are obtained. For
the multicomponent KP hierarchy, compact expressions for symmetry flows, vertex operators and the
associated Hamiltonian formalism was studied in [35]. Also the relations to the isomonodromy problem
and the related vector field action on Riemann surfaces of the system were later developed in [36]. A
natural question is what about the additional symmetries of the constrained multicomponent mKP
hierarchy and other similar studies.
This paper will be organized in the following way. In Section 2, some basic facts about the mKP
hierarchy are introduced. The multicomponent modified KP hierarchy are constructed in Section 3.
Then in Section 4, the additional symmetry of the multicomponent modified KP hierarchy and the
symmetry constitutes a quantum torus type Lie algebra. Next in Section 5, a constrained multicom-
ponent modified KP hierarchy are given. After that in Section 6, the additional symmetry of the
constrained multicomponent modified KP hierarchy are investigated.
2
2. The modified KP hierarchy and multi-component modified KP hierarchy
In this section, we will consider the algebra g of the pseudo-differential operators
g = {
∑
i≪∞
ui∂
i}, (2.1)
where ∂ = ∂x and ui = ui(t1 = x, t2, · · · ). For any operator A =
∑
i ai∂
i ∈ g, A≥k =
∑
i≥k ai∂
i and
A<k =
∑
i<k ai∂
i. A anti-involution operator ∗ satisfies: (AB)∗ = B∗A∗, ∂∗ = −∂, f∗ = f for any
scalar function f .
The mKP hierarchy can be defined as the following Lax equation in Kupershmidt-Kiso version [9,10]
∂tnL = [(L
n)≥1, L], n = 1, 2, 3, · · · , (2.2)
with the Lax operator L ∈ g as below
L = ∂ + u0 + u1∂
−1 + u2∂
−2 + u3∂
−3 + · · · . (2.3)
The mKP hierarchy (2.2) contains the well-known mKP equation
4utx = (uxxx − 6u
2ux)x + 3uyy + 6uxuy + 6uxx
∫
uydx. (2.4)
The Lax operator L for the mKP hierarchy can also be rewritten in terms of a dressing operator Z,
L = Z∂Z−1, (2.5)
where Z is given by
Z = z0 + z1∂
−1 + z2∂
−2 + · · · . (2.6)
Then the Lax equation (2.2) is equivalent to the following Sato equation
∂tnZ = −L
n
≤0Z. (2.7)
In the next section, we will introduce an N -component modified KP hierarchy which contains N
infinite families of time variables tα,n, α = 1, . . . , N, n = 1, 2, . . .. The coefficients A, u1, u2, . . . of the
Lax operator
L = A∂ + u1∂
−1 + u2∂
−2 + . . . (2.8)
are N ×N matrices and A = diag(a1, a2, . . . , aN ). There are another N pseudodifferential operators
R1, . . . , RN of the form
Rα = Eα + uα,1∂
−1 + uα,2∂
−2 + . . . ,
where Eα is the N ×N matrix with 1 on the (α,α)-component and zero elsewhere, and uα,1, uα,2, . . .
are also N ×N matrices. The operators L,R1, . . . , RN satisfy the following conditions:
LRα = RαL, RαRβ = δαβRα,
N∑
α=1
Rα = E.
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The Lax equations are:
∂L
∂tα,n
= [Bα,n, L],
∂Rβ
∂tα,n
= [Bα,n, Rβ ], Bα,n := (L
nRα)≥1.
The operator ∂ now is equal to a−11 ∂t11 + . . .+ a
−1
N ∂tN1 . In fact the Lax operator L and Rα can have
the following dressing structures
L = PA∂P−1, Rα = PEαP
−1,
where
P = E +
∞∑
i=1
Pi∂
−i,
and the dressing operator P satisfies the following Sato equations
∂P
∂tα,n
= −(LnRα)≤0P.
Define the eigenfunction w and the adjoint eigenfunction w∗ of the N -component mKP hierarchy
in the following way:
w(t, λ) = P
(
eξ(t,λ)
)
= wˆ(t, λ)eξ(t,λ), (2.9)
w∗(t, λ) = (P−1∂−1)∗
(
e−ξ(t,λ)
)
= wˆ∗(t, λ)λ−1e−ξ(t,λ), (2.10)
with
ξ(t, λ) = xλ+ t2λ
2 + t3λ
3 + · · · , (2.11)
wˆ(t, λ) = z0 + z1λ
−1 + z2λ
−2 + · · · , (2.12)
wˆ∗(t, λ) = z−10 + z
∗
1λ
−1 + z∗2λ
−2 + · · · , (2.13)
and the eigenfunction w and the adjoint eigenfunction w∗ of the N -component mKP hierarchy
satisfy
L(w(t, λ)) = λw(t, λ), L∗(w∗(t, λ)) = λw∗(t, λ), wtα,n = (L
nRα)≥1w, w
∗
tα,n
= −w∗
(
∂−1(LnRα)
∗
≥1∂
)
.
(2.14)
In the second equation here it is assumed that the operators ∂ entering ∂−1(LnRα)
∗
≥1∂ act to the left
as f∂ = fx.
3. Additional symmetries of the multicomponent mKP Hierarchy
In order to define the additional symmetry for the multicomponent mKP hierarchy, the Orlov-
Schulman operator M for the multicomponent mKP hierarchy can be introduced as follows,
M = PΓP−1, (3.1)
with Γ =
∑N
α=1
∑∞
i=1 itα,iEα∂
i−1. From the fact [∂tα,n − Eα∂
n,Γ] = 0, one can obtain
[∂tα,n − (L
nRα)≥1,M ] = 0, i.e. ∂tα,nM = [(L
nRα)≥1,M ]. (3.2)
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Further
L(w(t, λ)) = λw(t, λ), M(w(t, λ)) = ∂λw(t, λ), (3.3)
and
[L,M ] = 1. (3.4)
Then basing on a quantum parameter q, the additional flows for the time variable tm,n,α, t
∗
m,n,α are
defined respectively as follows
∂tm,n,αP = −(M
mLnRα)≤0P, ∂t∗m,n,αP = −(e
mM qnLRα)≤0P, m, n ∈ N, (3.5)
or equivalently rewritten as
∂L
∂tm,n,α
= −[(MmLnRα)≤0, L],
∂M
∂tm,n,α
= −[(MmLnRα)≤0,M ], (3.6)
∂L
∂t∗m,n,α
= −[(emM qnLRα)≤0, L],
∂M
∂t∗m,n,α
= −[(emM qnLRα)≤0,M ]. (3.7)
Define the generator of the additional symmetries for multicomponent mKP hierarchy in the fol-
lowing double expansion
Yα(λ, µ) =
∞∑
m=0
(µ − λ)m
m!
∞∑
l=−∞
λ−l−m−1(MmLm+lRα)≤0. (3.8)
Then by using the following fact
reszδ(λ, z)f(z) = f(λ), (3.9)
one can find Yα(λ, µ) can be rewritten into a nice form similarly as [37] (for KP system), which is
listed in the proposition below.
Proposition 1. The generating operator Yα(λ, µ) have the following nice form as
Yα(λ, µ) = (Rαw(t, µ)) · ∂
−1 · w∗(t, λ)∂. (3.10)
And their combination
∑N
α=1 will produce the following generating operator
Y (λ, µ) =
N∑
α=1
Yα(λ, µ) = w(t, µ) · ∂
−1 · w∗(t, λ)∂. (3.11)
Proof. The proof is similar as the proof in [34, 35] which is about the mKP hierarchy and the multi-
component KP hierarchy. Firstly, using
f∂−1 =
∞∑
i=1
∂−if (i−1). (3.12)
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and
reszδ(λ, z)f(z) = f(λ), (3.13)
one can rewrite (MmLm+lRα)≤0 into
(MmLm+lRα)≤0 = res∂(M
mLm+lRα∂
−1) +
∞∑
i=1
∂−ires∂(∂
i−1MmLm+lRα)
= res∂(M
mZ∂m+lEαZ
−1∂−1) +
∞∑
i=1
∂−ires∂(∂
i−1MmZ∂m+lEαZ
−1)
= resz
(
MmZ∂m+lEα(e
ξ) · (Z−1∂−1)∗(e−ξ)
)
+
∞∑
i=1
∂−iresz
(
∂i−1MmZ∂m+lEα(e
ξ) · Z−1∗(e−ξ)
)
= resz
(
zm+lRα∂
m
z w(t, z)w
∗(t, z)
)
−
∞∑
i=1
∂−iresz
(
zm+l(Rα∂
m
z w(t, z))
(i−1)w∗(t, z)x
)
= resz
(
zm+lRα∂
m
z w(t, z) ·
(
w∗(t, z)− ∂−1w∗(t, z)x
))
= resz
(
zm+lRα∂
m
z w(t, z) · ∂
−1w∗(t, z)∂
)
,
which further leads to
Yα(λ, µ) = resz
(
∞∑
m=0
∞∑
l=−∞
zm+l
λm+l+1
1
m!
(µ− λ)mRα∂
m
z w(t, z) · ∂
−1w∗(t, z)∂
)
= resz
(
δ(λ, z)Rαe
(µ−λ)∂zw(t, z) · ∂−1w∗(t, z)∂
)
= Rαe
(µ−λ)∂λw(t, λ) · ∂−1w∗(t, λ)∂ = (Rαw(t, µ)) · ∂
−1 · w∗(t, λ)∂.
The identity (3.11) can be derived by using the fact
N∑
α=1
Rα = E.

Inspired by [38–40], the ghost symmetry flow for the multicomponent mKP hierarchy can be defined
by the following equations
∂αL =
[
(Rαw) · ∂
−1 · w∗∂, L
]
, ∂αP = (Rαw) · ∂
−1 · w∗∂ · P. (3.14)
The actions of ∂α on the wave function φ ( a linear combination of the eigenfunctions) and the adjoint
wave function φ∗ ( a linear combination of the adjoint eigenfunctions) are listed below.
∂αφ = (Rαw)
∫
φxw
∗dx, ∂αφ
∗ = −w∗
∫
(Rαw)φ
∗
xdx. (3.15)
The actions of ∂Y on the wave function φ and the adjoint wave function φ
∗ are listed below.
∂Y φ = w
∫
φxw
∗dx, ∂Y φ
∗ = −w∗
∫
wφ∗xdx. (3.16)
We can further get The additional flows of ∂tl,k,α are symmetry flows of the multicomponent mKP
hierarchy, i.e. they commute with all ∂tβ,n flows of the multicomponent mKP hierarchy.
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According to the action of ∂t∗
l,k,α
and ∂tβ,n on the Lax operator L, we can rewrite the quantum torus
flow ∂t∗
l,k,α
in terms of a combination of ∂tp,s flows
∂t∗
l,k,α
L = [−(
∞∑
p,s=0
lp(k log q)sMpLsRα
p!s!
)≤0, L]
=
∞∑
p,s=0
lp(k log q)s
p!s!
∂tp,s,αL,
which further leads to
[∂t∗
l,k,α
, ∂tβ,n ]L = [
∞∑
p,s=0
lp(k log q)s
p!s!
∂tp,s,α , ∂tβ,n ]L
=
∞∑
p,s=0
lp(k log q)s
p!s!
[∂tp,s,α , ∂tβ,n ]L
= 0.
Then we can derive the following theorem.
Theorem 2. The additional flows ∂t∗
l,k,α
are symmetries of the multicomponent mKP hierarchy, i.e.
they commute with all ∂tβ,n flows of the multicomponent mKP hierarchy.
Now it is time to identify the algebraic structure of the quantum torus additional ∂t∗
l,k,α
flows of the
multicomponent mKP hierarchy in the following theorem.
Theorem 3. The additional flows ∂t∗
l,k,α
of the multicomponent mKP hierarchy form the following
multi quantum torus type algebra, i.e.,
[∂t∗
n,m,β
, ∂t∗
l,k,α
] = (qml − qnk)δα,β∂t∗
n+l,m+k,α
, n,m, l, k ≥ 0, 1 ≤ α, β ≤ N. (3.17)
Proof. Using the Jacobi identity, we can derive the following computation which will finish the proof
of this theorem
[∂t∗
n,m,β
, ∂t∗
l,k,α
]L
= ∂t∗n,m([−(e
lM qkLRα)≤0, L])− ∂t∗
l,k,α
([−(enM qmLRβ)≤0, L])
= [−(∂t∗n,m(e
lMqkLRα))≤0, L] + [−(e
lMqkLRα)≤0, (∂t∗n,mL)] + [[−(e
lM qkLRα)≤0, e
nMqmLRβ ]≤0, L]
+[(enMqmLRβ)≤0, [−(e
lM qkLRα)≤0, L]]
= [[(enM qmLRβ)≤0, e
lMqkLRα]≤0, L] + [(e
lMqkLRα)≤0, [(e
nM qmLRβ)≤0, L]]
+[[−(elMqkLRα)≤0, e
nMqmLRβ]≤0, L] + [(e
nM qmLRβ)≤0, [−(e
lM qkLRα)≤0, L]]
= [[(enM qmLRβ)≤0, e
lMqkLRα]≤0, L] + [[(e
lM qkLRα)≤0, (e
nM qmLRβ)≤0], L]
+[[−(elMqkLRα)≤0, e
nMqmLRβ]≤0, L]
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= [[enMqmLRβ, e
lMqkLRα]≤0, L]
= −(qml − qnk)[(δα,βe
(n+l)Mq(m+k)LRα)≤0, L]
= (qml − qnk)δα,β∂t∗
n+l,m+k,α
L.
One can also prove this theorem as following in another way by considering the functions’ set
{emM qnLRα, m, n ≥ 0, 1 ≤ α ≤ N} has an isomorphism with the functions’ set {q
nzem∂zRβ, m, n ≥
0, 1 ≤ β ≤ N} as
emMqnLRα 7→ q
nzem∂zEα, (3.18)
with the following commutator
[qnzem∂zEα, q
lzek∂zEβ] = δα,β(q
ml − qnk)q(n+l)ze(m+k)∂z . (3.19)

4. The constrained multi-component mKP hierarchy
Similar as the constrained multicomponent KP hierarchy in [27], the following reduction condition
can also be imposed onto the N -component mKP hierarchy:
r∑
l=1
dsl (LRl)
s +
N∑
l=r+1
LRl =
r∑
l=1
dsl (LRl)
s
≥1 +
N∑
l=r+1
(LRl)≥1, 1 ≤ r ≤ N.
Let us denote following operators as
∂ˆ := ∂1 + ∂1 + · · · + ∂r, ∂i =
∂
∂ti,1
,
Lˆ(i) = P (r)(∂ˆ)E
(r)
i ∂ˆ(P
(r)(∂ˆ))−1, Lˆ =
r∑
i=1
diLˆ
(i),
and
B
(β,r)
k = (P
(r)(∂ˆ)E
(r)
β ∂ˆ
k(P (r)(∂ˆ))−1)≥1 := (C
(β,r)
k )≥1, 1 ≤ β ≤ r,
C
(β,r)
k = P
(r)(∂ˆ)E
(r)
β ∂ˆ
k(P (r)(∂ˆ))−1, 1 ≤ β ≤ r,
φ(r) = (P1)ij |1≤i≤r,r+1≤j≤N , ψ
(r) = (P1)ij |1≤j≤r,r+1≤i≤N ,
where P (r)(E
(r)
i ) is the r × r principal sub-matrix of P (Ei). This further lead to
L = Lˆs =
r∑
l=1
dslB
(l,r)
s + φ
(r)∂ˆ−1ψ(r)∂ˆ.
Under the constraint eq.(4), the following evolutionary equations of the constrained N -component
mKP hierarchy can be derived
∂φ(r)
∂tn,β
= B(β,r)n φ
(r),
∂ψ(r)
∂tn,β
= −(B(β,r)n )
∗ψ(r),
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∂Lˆs
∂tn,β
= [B(β,r)n , Lˆ
s],
where for B
(β,r)
n =
∑n
i=1Bi∂ˆ
i,
(B(β,r)n )
∗ψ(r) :=
n∑
i=1
(−1)i∂ˆi(ψ(r)Bi).
When r = 1, N = 2, one can obtain a s-constrained mKP hierarchy. When r = 1, N ≥ 2, one can
obtain the vector s-constrained mKP hierarchy.
5. Virasoro symmetry of the constrained multi-component mKP hierarchy
In this section, we shall construct the additional symmetry and discuss the algebraic structure of
the additional symmetry flows of the N -component constrained mKP hierarchy.
To this end, firstly we define Γˆ(r) and the Orlov-Shulman’s operator M
Γˆ(r) =
r∑
β=1
t1β
Eβ
sdsβ
∂ˆ1−s +
r∑
β=1
∞∑
n=2
n
s
d−sβ Eβ ∂ˆ
n−stn,β, M = P
(r)Γˆ(r)(P (r))−1. (5.1)
It is easy to find the following formula
[∂tn,β − ∂ˆ
nEβ, Γˆ
(r)] = 0. (5.2)
There are the following commutation relations
[
r∑
β=1
dsβ ∂ˆ
sEβ, Γˆ
(r)] = E, (5.3)
which can be verified by a straightforward calculation. By using the Sato equation, the isospectral
flow of the M operator is given by
∂tn,βM = [B
(β,r)
n ,M]. (5.4)
More generally,
∂tn,β (M
mLl) = [B(β,r)n ,M
mLl]. (5.5)
The Lax operator L and the Orlov-Shulman’s M operator satisfy the following canonical relation
[L,M] = E.
Then the additional flows for the time variable tm,n,β will be defined as follows
∂S
∂tm,n,β
= −(MmC(β,r)n )≤0S, m, n ∈ N, 1 ≤ β ≤ r, (5.6)
which is equivalent to
∂L
∂tm,n,β
= −[(MmC(β,r)n )≤0,L],
∂M
∂tm,n,β
= −[(MmC(β,r)n )≤0,M]. (5.7)
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Later we can prove the additional flows
∂
∂tm,n,β
commute with the flow
∂
∂tk,γ
and they form a kind
of W∞ infinite dimensional additional Lie algebra which contain Virasoro algebra as a subalgebra. To
this purpose, we need several lemmas and propositions as preparation firstly.
For above local differential operators B
(β,r)
n , we have the following lemma.
Lemma 4. [B
(β,r)
n , φ
(r)∂ˆ−1ψ(r)∂ˆ]≤0 = B
(β,r)
n (φ(r))∂ˆ−1ψ(r)∂ˆ − φ(r)∂ˆ−1(∂ˆ−1B
(β,r)∗
n ∂ˆ)(ψ(r))∂ˆ.
Proof. Firstly we consider a fundamental monomial: ∂ˆn (n ≥ 1). Then
[∂ˆn, φ(r)∂ˆ−1ψ(r)∂ˆ]≤0 = (∂ˆ
n(φ(r)))∂ˆ−1ψ(r)∂ˆ − (φ(r)∂ˆ−1ψ(r)∂ˆ∂ˆn)≤0.
Notice that the second term can be rewritten in the following way
(φ(r)∂ˆ−1ψ(r)∂ˆ∂ˆn)≤0 = (φ
(r)ψ(r)∂ˆn − φ(r)∂ˆ−1(∂ˆψ(r))∂ˆn)≤0 = (φ
(r)∂ˆ−1(−∂ˆψ(r))∂ˆn)≤0
= · · · = φ(r)∂ˆ−1
(
(−∂ˆ)n(ψ(r))
)
∂ˆ = φ(r)∂ˆ−1(∂ˆ∂ˆn∂ˆ−1)∗(ψ(r))∂ˆ,
then the lemma is proved. 
We can get some properties of the Lax operator in the following proposition.
Lemma 5. The Lax operator L of the constrained N -component mKP hierarchy will satisfy the relation
of
(Lk)≤0 =
k−1∑
j=0
Lk−j−1(φ(r))∂ˆ−1(∂ˆLj ∂ˆ−1)
∗
(ψ(r))∂ˆ, k ∈ Z, (5.8)
where L(φ) := (L)≥0(φ) + φ
(r)∂ˆ−1(ψ(r)∂ˆφ), for arbitrary r × r matrix function φ.
The action of original additional flows of the constrained N -component mKP hierarchy is expressed
by
(∂1,k,βL)≤0 = [(MC
(β,r)
k )≥1,L]≤0 + (C
(β,r)
k )≤0. (5.9)
To keep the consistency with flow equations on eigenfunction and adjoint eigenfunction φ(r), ψ(r), we
shall introduce an operator F
(α,r)
k as following to modify the additional symmetry of the constrained
multi-component mKP hierarchy.
We now introduce a pseudo differential operator F
(α,r)
k ,
F
(α,r)
k = 0, k = −1, 0, 1, (5.10)
F
(α,r)
k =
k−1∑
j=0
[j −
1
2
(k − 1)]C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆC
(α,r)
j ∂ˆ
−1)∗(ψ(r))∂ˆ, k ≥ 2. (5.11)
The following lemmas are necessary to concern the Virasoro symmetry.
Lemma 6. If X =M∂ˆ−1N∂ˆ, then
[X,L]≤0 = [M∂ˆ
−1(∂ˆL∂ˆ−1)∗(N)∂ˆ − L(M)∂ˆ−1N∂ˆ] + [X(φ(r))∂ˆ−1ψ(r)∂ˆ − φ(r)∂ˆ−1(∂ˆX∂ˆ−1)∗(ψ(r))∂ˆ].
(5.12)
Lemma 7. The action of flows ∂tl,β of the constrained N -component mKP hierarchy on the F
(α,r)
k is
∂tl,βF
(α,r)
k = [B
(β,r)
l , F
(α,r)
k ]≤0. (5.13)
Proof.
∂tl,βF
(α,r)
k = ∂tl,β (
k−1∑
j=0
[j −
1
2
(k − 1)]C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆ−1C
(α,r)∗
j ∂ˆ)(ψ
(r))∂ˆ)
=
k−1∑
j=0
[j −
1
2
(k − 1)]{∂tl,β (C
(α,r)
k−1−j(φ
(r)))∂ˆ−1(∂ˆ−1C
(α,r)∗
j ∂ˆ)(ψ
(r))∂ˆ
+C
(α,r)
k−1−j(φ
(r))∂ˆ−1∂tl,β ((∂ˆ
−1C
(α,r)∗
j ∂ˆ)(ψ
(r)))∂ˆ}
= [B
(β,r)
l ◦
k−1∑
j=0
[j −
1
2
(k − 1)]C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆ−1C
(α,r)∗
j ∂ˆ)(ψ
(r))∂ˆ]≤0
−[(
k−1∑
j=0
[j −
1
2
(k − 1)]C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆ−1C
(α,r)∗
j ∂ˆ)(ψ
(r))) ◦B
(β,r)
l ∂ˆ]≤0
= [B
(β,r)
l , (
k−1∑
j=0
[j −
1
2
(k − 1)]C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆ−1C
(α,r)∗
j ∂ˆ)(ψ
(r)))∂ˆ]≤0
= [B
(β,r)
l , F
(α,r)
k ]≤0.

Further, the following expression of [F
(β,r)
k−1 ,L]≤0 is also necessary to define the additional flows of
the constrained N -component mKP hierarchy.
Lemma 8. The Lax operator L of the constrained N -component mKP hierarchy and F
(β,r)
k−1 has the
following relation,
[F
(β,r)
k−1 ,L]≤0 = −(C
(β,r)
k )≤0 +
k
2
[φ(r)∂ˆ−1(∂ˆC
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r))∂ˆ + C
(β,r)
k−1 (φ
(r))∂ˆ−1ψ(r)∂ˆ
+F
(β,r)
k−1 (φ
(r))∂ˆ−1ψ(r)∂ˆ − φ(r)∂ˆ−1(∂ˆF
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r))∂ˆ]. (5.14)
Proof. A direct calculation can lead to
[F
(β,r)
k−1 ,L]≤0 = [
k−2∑
j=0
[j −
1
2
(k − 2)]C
(β,r)
k−2−j(φ
(r))∂ˆ−1(∂ˆC
(β,r)
j ∂ˆ
−1)∗(ψ(r))∂ˆ,L]≤0
=
k−2∑
j=0
[j −
1
2
(k − 2)]C
(β,r)
k−2−j(φ
(r))∂ˆ−1(∂ˆC
(β,r)
j+1 ∂ˆ
−1)∗(ψ(r))∂ˆ
−
k−2∑
j=0
[j −
1
2
(k − 2)]C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆC
(β,r)
j ∂ˆ
−1)∗(ψ(r))∂ˆ
+(F
(β,r)
k−1 (φ
(r))∂ˆ−1ψ(r)∂ˆ − φ(r)∂ˆ−1(∂ˆF
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r)))∂ˆ
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= −
k−2∑
j=1
C
(β,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆC
(β,r)
j ∂ˆ
−1)∗(ψ(r))∂ˆ
+(
k
2
− 1)[φ(r)∂ˆ−1(∂ˆC
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r))∂ˆ + C
(β,r)
k−1 (φ
(r))∂ˆ−1ψ(r)∂ˆ]
+(F
(β,r)
k−1 (φ
(r))∂ˆ−1ψ(r)∂ˆ − φ(r)∂ˆ−1(∂ˆF
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r)))∂ˆ,
which further help us deriving eq.(5.14) using eq.(5.8). 
Putting together (5.9) and (5.14), we define the additional flows of the constrained N -component
mKP hierarchy as
∂t1,k,βL = [−(MC
(β,r)
k )≤0 + F
(β,r)
k−1 ,L], (5.15)
where F
(β,r)
k−1 = 0, for k = 0, 1, 2, such that the right-hand side of (5.15) is in the form of derivation of
Lax equations. Generally, one can also derive
∂t1,k,β (ML
l) = [−(MC
(β,r)
k )≤0 + F
(β,r)
k−1 ,ML
l]. (5.16)
Now we calculate the action of the additional flows eq.(5.15) on the eigenfunction φ(r) and ψ(r) of
the constrained N -component mKP hierarchy.
Theorem 9. The acting of additional flows of constrained N -component mKP hierarchy on the eigen-
function φ(r) and ψ(r) are
∂t1,k,βφ
(r) = (MC
(β,r)
k )≥1(φ
(r)) + F
(β,r)
k−1 (φ
(r)) +
k
2
C
(β,r)
k−1 (φ
(r)),
∂t1,k,βψ
(r) = −(∂ˆMC
(β,r)
k ∂ˆ
−1)∗≥1(ψ
(r))− (∂ˆF
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r)) +
k
2
(∂ˆC
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r)).
(5.17)
Proof. Substitution of (5.14) to negative part of (5.15) shows
(∂t1,k,βL)≤0 = (MC
(β,r)
k )≥1(φ
(r))∂ˆ−1(ψ(r))∂ˆ − φ(r)∂ˆ−1(∂ˆMC
(β,r)
k ∂ˆ
−1)∗≥1(ψ
(r))∂ˆ + F
(β,r)
k−1 (φ
(r))∂ˆ−1ψ(r)∂ˆ
− φ(r)∂ˆ−1(∂ˆF
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r))∂ˆ +
k
2
φ(r)∂ˆ−1(∂ˆF
(β,r)
k−1 ∂ˆ
−1)∗(ψ(r))∂ˆ +
k
2
C
(β,r)
k (φ
(r))∂ˆ−1ψ(r)∂ˆ.
(5.18)
On the other side,
(∂t1,k,βL)≤0 = (∂t1,k,βφ
(r))∂ˆ−1ψ(r)∂ˆ + φ(r)∂ˆ−1(∂t1,k,βψ
(r))∂ˆ. (5.19)
Comparing right hand sides of (5.18) and (5.19) implies the action of additional flows on the eigen-
function and the adjoint eigenfunction (5.17). 
Next according the action of ∂t1,k,β and ∂tl,α on the dressing operator S, then
[∂t1,k,β , ∂tl,α ]S = −∂t1,k,β ((C
(α,r)
l )≤0S)− ∂tl,α [−(MC
(β,r)
k )≤0 + F
(β,r)
k−1 ]S
= (−∂t1,k,βC
(α,r)
l )≤0S − (C
(β,r)
l )≤0∂t1,k,βS − [(MC
(β,r)
k )≤0 − F
(β,r)
k−1 ](C
(α,r)
l )≤0S
+[(C
(α,r)
l )≥1,MC
(β,r)
k ]≤0S − (∂tl,αF
(β,r)
k−1 )S
= [(C
(α,r)
l )≤0,−F
(β,r)
k−1 ]≤0S + [−F
(β,r)
k−1 , C
(α,r)
l ]≤0S − (∂tl,αF
(β,r)
k−1 )S
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= [B
(α,r)
l , F
(β,r)
k−1 ]≤0S − (∂t1,αF
(β,r)
k−1 )S
= 0.
Therefore the additional flows of ∂t1,k,β are symmetry flows of the constrained N -component mKP
hierarchy, i.e. they commute with all ∂tl,α flows of the constrained N -component mKP hierarchy.
Taking into account F
(β,r)
k−1 = 0 for k = 0, 1, 2, then eq.(5.17) becomes
∂t1,l,βφ
(r) = (MC
(β,r)
l )≥1(φ
(r)) +
1
2
lC
(β,r)
l−1 φ
(r), l = 0, 1, 2,
∂t1,l,βψ
(r) = −(∂ˆMC
(β,r)
l ∂ˆ
−1)∗≥1(ψ
(r)) +
1
2
l(∂ˆC
(β,r)
l−1 ∂ˆ
−1)∗ψ(r), l = 0, 1, 2.
(5.20)
Then using eq.(5.20) and the relation ∂t1,l,β (L
k(φ(r))) = (∂t1,l,β (L
k))(φ(r)) + Lk∂t1,l,β (φ
(r)), we can
find the additional flows ∂t1,l,β of constrained N -component mKP hierarchy have the following relations
∂t1,l,βC
(α,r)
k (φ
(r)) = (MC
(β,r)
l )≥1(C
(α,r)
k (φ
(r))) + (k +
l
2
)C
(α,r)
k+l−1δα,β(φ
(r)) + T
(β,r)
l−1 C
(α,r)
k (φ
(r)),
∂t1,l,β (∂ˆC
(α,r)
k ∂ˆ
−1)∗(ψ(r)) = −(∂ˆMC
(β,r)
l ∂ˆ
−1)∗≥1(∂ˆC
(α,r)
k ∂ˆ
−1)∗(ψ(r)) + (k +
l
2
)(∂ˆC
(α,r)
k+l−1∂ˆ
−1)∗δα,β(ψ
(r))
+ (∂ˆT
(β,r)
l−1 C
(α,r)
k ∂ˆ
−1)∗(φ(r)).
(5.21)
Moreover, the action of ∂t1,l,β on F
(α,r)
k is given by the following lemma.
Lemma 10. The actions on F
(α,r)
k of the additional symmetry flows ∂t1,l,β of the constrained N -
component mKP hierarchy are
∂t1,l,βF
(α,r)
k = [(MC
β,r
l )≥1 + F
(β,r)
l−1 , F
(α,r)
k ]≤0 + (k − l + 1)F
(α,r)
k+l−1δα,β . (5.22)
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Proof. Using eq.(5.21), a straightforward calculation implies
∂t1,l,βF
(α,r)
k = ∂t1,l,β (
k−1∑
j=0
[j −
1
2
(k − 1)]C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆ−1C
(α,r)∗
j ∂ˆ)(ψ
(r)))
=
k−1∑
j=0
[j −
1
2
(k − 1)](∂t1,l,β (C
(α,r)
k−1−j(φ
(r)))∂ˆ−1(∂ˆ−1C
(α,r)∗
j ∂ˆ)(ψ
(r))
+ C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂t1,l,β (∂ˆ
−1C
(α,r)∗
j ∂ˆ)(ψ
(r))))
=
k−1∑
j=0
[j −
1
2
(k − 1)][(MCβ,rl )≥1 + F
(β,r)
l−1 ](C
(α,r)
k−1−j(φ
(r)))∂ˆ−1(∂ˆCβ,rl ∂ˆ
−1)∗(ψ(r))
+
k−1∑
j=0
[j −
1
2
(k − 1)](k − j − 1 +
l
2
)Cα,rk+l−2−j(φ
(r))∂ˆ−1(∂ˆCβ,rj ∂ˆ
−1)∗(ψ(r))δα,β
−
k−1∑
j=0
[j −
1
2
(k − 1)]C
(α,r)
k−1−j(φ
(r))∂ˆ−1[(∂ˆMCβ,rl ∂ˆ
−1)∗≥1 + (∂ˆF
(β,r)
l−1 ∂ˆ
−1)∗](∂ˆCβ,rj ∂ˆ
−1)∗(ψ(r))
+
k−1∑
j=0
[j −
1
2
(k − 1)](j +
l
2
)C
(α,r)
k−1−j(φ
(r))∂ˆ−1(∂ˆCβ,rj+l−1∂ˆ
−1)∗(ψ(r))δα,β,
(5.23)
which can be simplified to eq.(5.22). 
Now it is time to identity the algebraic structure of the additional symmetry flows of the constrained
N -component mKP hierarchy.
Theorem 11. The additional flows ∂t1,k,β of the constrained N -component mKP hierarchy form the
positive half of Virasoro algebra, i.e., for l, k ≥ 0, 1 ≤ α, β ≤ r,
[∂t1,l,α , ∂t1,k,β ] = (k − l)δα,β∂t1,k+l−1,α . (5.24)
Proof. Here we only consider the case when l = 0, 1, 2. Using [(MC
(α,r)
l )≤0, F
(β,r)
k−1 ]≤0 = [(MC
(α,r)
l )≤0, F
(β,r)
k−1 ]
and the Jacobi identity, one can derive the following computation
[∂t1,l,α , ∂t1,k,β ]L
= ∂t1,l,α([−(MC
(β,r)
k )≤0,L] + [F
β,r
k−1,L])− ∂t1,k,β ([−(MC
α,r
l )≤0,L] + [F
α,r
l−1,L]))
= ∂t1,l,α [−(MC
(β,r)
k )≤0,L] + [∂t1,l,αF
β,r
k−1,L] + [F
β,r
k−1, ∂t1,l,αL] + [∂t1,k,β (MC
α,r
l )≤0,L]
+[(MCα,rl )≤0, ∂t1,k,βL]− [∂t1,k,βF
α,r
l−1,L]− [F
α,r
l−1, ∂t1,k,βL]
= [[(MC
(α,r)
l )≤0,MC
β,r
k ]≤0,L] + [−(MC
(β,r)
k )≤0, [−(MC
(α,r)
l )≤0,L]]
+[[(MCα,rl )≥1, F
β,r
k−1]≤0 + (k − l)F
(β,r)
k+l−2δα,β ,L]
+[F β,rk−1, [−(MC
α,r
l )≤0,L]] + [[−(MC
(β,r)
k )≤0 + F
β,r
k−1,MC
α,r
l ]≤0,L]
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+[(MCα,rl )≤0, [−(MC
(β,r)
k )≤0 + F
β,r
k−1,L]]
= [[(MC
(α,r)
l )≤0,MC
β,r
k ]≤0,L] + [−(MC
(β,r)
k )≤0, [−(MC
(α,r)
l )≤0,L]]
+[(k − l)F
(β,r)
k+l−2δα,β ,L] + [[−(MC
(β,r)
k )≤0,MC
α,r
l ]≤0,L]
+[(MCα,rl )≤0, [−(MC
(β,r)
k )≤0,L]]
= (k − l)[−δα,β(MC
(α,r)
l+k−1)≤0,L] + [(k − l)F
(β,r)
k+l−2δα,β ,L]
= (k − l)δα,β∂t1,k+l−1,αL.
The other case can be similarly proved. 
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